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I propose a double-twist texture with local smectic order, which may have been seen in 
recent experiments [1]. As in the Renn-Lubensky TGB phase, the smectic order is broken 
only through a lattice of screw dislocations. A melted lattice of screw dislocations can 
produce a double-twist texture as can an unmelted lattice. In the latter case I show that 
geometry only allows for certain angles between smectic regions. I discuss the possibility 
of connecting these double-twist tubes together to form a smectic blue phase. 
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1. Introduction 

Since the prediction [2] and discovery [3] of the defect-laden, Renn-Lubensky, twist- 
grain-boundary ground state of a chiral smectic, it has become de rigueur to consider 
defected ground states in liquid crystals [4,5]. While it is possible to introduce defects 
into smectics or columnar phases to produce planar chiral textures like the cholesteric or 
twisted hexatic [6], there has been no attempt to construct the more complicated blue 
phase textures [7] in a similar fashion. Recent experiments [1], however, have suggested 
that there exist blue phases with some sort of smectic order. In this letter, I propose a 
general defect structure that can produce smectic double-twist. The smectic order may be 
only short-ranged as is seen in the iV£ phase of some liquid crystals [8,9]. I will first discuss 
this case, which is likely to be the generic case, and will then consider the possibility of 
having long-range smectic order. In this case, the defects will form a regular lattice. It 
will be shown that because of the periodicity imposed by the cylindrical structure of a 
double-twist tube the allowed rotation angles fall into a discrete class similar to, but not 
as restrictive as, moire angles [4]. 

I start be recalling the general structure of a twist-grain-boundary in a smectic liquid 
crystal. The free energy for a smectic- A can be written to quadratic order in terms of the 
layer displacement variable u(x) and the nematic director fluctuation <5n(x) = n — z [10]: 

F =\J d\B(d z u) 2 + B\V ± u-Sn) 2 + K 1 {V ± -Sn) 2 + K 2 {V ± x8n) 2 + K 3 (d z 8n) 2 , (1.1) 

where B and B' are bulk moduli and Ki are the Frank elastic constants. In the ground 
state, V ± u = Sn, and so V x x5n = 0. Thus a smectic cannot have any twist. However, 
as pointed out by Renn and Lubensky, the smectic can twist if u is not single- valued: 
in other words if there are screw dislocations in the smectic structure [2]. Each screw 
dislocation has a finite energy per unit length and so there will be a balance between the 
cost of a defect and the amount of twist produced by the structure. Above some critical 
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chirality the defects will proliferate and organize themselves into a sequence of twist-grain- 
boundaries. In the twist-grain-boundary (TGB) state of smectic- A liquid crystals, the 
nematic director rotates around a pitch axis P which lies in the plane of the smectic 
layers. The defected structure consists of regions of perfect smectic layers, infinite in the 
two directions perpendicular to P and of extent d! along P. Between each successive slab 
there is a twist-grain-boundary consisting of parallel screw dislocations with a uniform 
spacing d. Each grain boundary effects a twist of the director by A9 = 2 sin~ 1 (b/2d) [11] 
where b is the Burgers vector which must be an integral multiple of the layer spacing a. The 
lowest energy grain boundary for a given rotation angle will consist of screw dislocations 
of unit strength, i.e. b = a. In the end, the TGB state has the director structure of a 
cholesteric (with discretized jumps in angle) while at the same time having long-range 
smectic order. 

As temperature increases, if the smectic order does not melt first, the lattice of screw 
dislocations can melt, in analogy with the melted flux-line liquid of superconductors [12]. 
This iV£ phase [8] is thermodynamically the same as the cholesteric phase and has a 
uniformly twisting director structure and is composed of a melt of dislocation lines which 
themselves follow the director, as if they were polymers in a polymer cholesteric phase [9]. 
While there is no long-range smectic order, there is short range smectic order which can 
be seen via X-ray scattering and through calorimetry: before the TGB state appears there 
is an absorption of heat which is required to build up the local smectic order. 

How can either of these dislocated structures be deformed to produce double-twist? 
Since the smectic order is locally preserved, there must be a defect structure which pro- 
duces an average double-twist, though possibly via non-uniform jumps. Such a structure 
is shown in Figures 1 and 2, in two cross-sectional views. In this structure the layer 
normal has discretized double-twist as does the tangent vector field of the screw disloca- 
tions. The structure of the double-twist tube is identical to the usual TGB structure when 
wrapped around a central smectic region. While the grain boundary structure is highly 
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distorted near the center of the tube, it is clear that at larger radii the local structure at a 
grain boundary is identical to the structure in the more usual cholesteric-like TGB state. 
Thinking of the grain-boundaries as smectic layers, the grain boundaries adopt a standard 
jelly-roll texture [13]. In the next section I will discuss some of the geometric details re- 
quired to build such a structure. Section 3 will discuss the energetics of the double-twist 
tube. Finally, in section 4, I will consider the possibility of a smectic blue phase. 

2. Geometric Details: Layer Spacing and Lock-In Angles 

While the above geometric picture of the defect structure captures the essence of the 
construction, the details are significantly more complex. One concern arises because the 
smectic layer tilt and spacing naturally change as a function of radius. In one undefected 
smectic region the spacing between the layers along the tube axis (not perpendicular to 
the layers) must be a constant 5 as shown in Figure 3. Thus if 9(R) is the angle that the 
layer normal makes with the tube axis then 5 = Rta,n9(R) so that R and 9(R) obey 



since 5 cos 9(R) = a(R). As R 2 — > oo for fixed Ri, tan9(R 2 ) — » and a(R 2 ) — > a, the 
equilibrium layer spacing (as it always is for even single screw dislocations). Both (2.1) and 
(2.2) come from the equation of the helicoidal surface. In one sweep around the azimuthal 
direction, the surface, given in cylindrical coordinates by the height function h(r, 0) = ot(f), 
rises by 2ira, independent of the radius. This means that the layer normal changes its 
angle according to (2.1) and the layer spacing according to (2.2). 

The second issue is the periodicity of the structure because it is a cylinder: at radius 
R the structure must be 2nR periodic. In particular, when wrapping smectic layers and 



tan0(#i) _ R 2 
ta,n9(R 2 ) ~ ~R~i 



(2.1) 



Similarly, the layer spacing is related to 9(R) by 




(2.2) 
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grain boundaries around a double-twist cylinder, one must constrain the number of layers 
or defects to be integral. At a given radius R, assume that the smectic layers have rotated 
by 6*o from the center. Additionally, at this same radius add a grain boundary that rotates 
the layers by AO with a dislocation spacing d(R) and with all defects having Burgers vector 
6 = a(R), where a(R) is the layer spacing. If there are n smectic layers in the subsequent 
smectic region and m defects then trigonometry leads to: 

a(R) . /A0\ 

- sin — (2.3a) 



2d(R) ' V 2 

' = cos I O H (2-36) 



2tvR V 2 

na(R) 



2nR 



sin (6 + A6) (2.3c) 



where the angle 6>o + A9/2 in (2.36) arises because the screw dislocations lie symmetrically 
between the two abutting smectic regions. Eliminating i?, a(R) and d(R) from (2.3) leads 
to: 

™ = 1 I ( 2 4) 

n cos AO + cot 6 Q sin( AO) 

The left-hand side of (2.4) is a rational number m/n. While there exists an entire discrete 

class of solutions to this Diophantine equation, one class of solutions has cos AO = Pi/qi 

and cot Oq = £>2/(<?2\/<?i — p\) for pi,p2,qi, qi integers. Note that if the centermost region 

contains a single screw dislocation down the center of the double-twist tube then, in order to 

satisfy (2.4), the first twist-grain-boundary will occur at some radius R such that tan6> c = 

(a/2nR) is of the form (/2\Ai ~ v\lvi- 

Having a class of angles I may now construct many double-twist cylinders that have 

the layer normal at the center parallel to the cylinder and the layer normal at the edge of 

the cylinder rotated by 7r/4 from this direction. These are the basic constituents of the 

blue phases. At each grain boundary 9q in (2.36, c) and (2.4) is the sum of the center angle 

of rotation 9 C and the sum of all the consecutive rotation angles, so if the ith boundary is 
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at a radius R = pi, then 0ji = O c + Y^j=i tan_1 [(Pj/Pj+i) tan(A^)]. Taking into account 
the natural straightening of the layer normals (2.1) I can choose radii and angles so that at 
some final radius p the layer normal can have the desired direction. Because the tangent 
angle as a function of radius is also fixed by the geometry of the screw dislocation (i.e., 
tan[6> c (.R)] = b/[2,itR\) (2.3) may be more difficult, if not impossible, to satisfy if there is a 
screw dislocation running up the center of the double-twist tube. 

As a simple illustration, let me construct a double- twist tube with layer normal tv/4 
at some ultimate radius p via two grain boundaries both with a large rotation angle, 
AO = sin _1 (3/5). This corresponds to an even simpler class of angles in which both sine 
and cosine are rational - precisely the construction that leads to moire angles. With this 
choice of AO, I must now choose cot#o,i to be rational as well. At the first boundary 
(at radius pi), 6>o,i = 0, so from (2.4) the ratio of the number of layers to the number 
of screw dislocations is ni/mi = 1, while (2.3a) gives a(pi) = d(pi)/v / 10. At radius 
P2 = 2/0i, (2.1) gives tan6>o,2 = \ tan(A6>) = 3/8 and is rational, as required. Using the 
same angle AO across the grain boundary now gives n 2 /m 2 = 12/7 and a total tangent of 
tan(#o,2 + AO) = 36/23. Finally, then, at a radius p = ||/92 = |§Pi ^ ne l a y er normal is at 
an angle ir/4 from the tube radius. While this example is rather extreme, involving large 
angles grain boundaries and large radii, it is obvious that more realistic examples could be 
constructed. 



3. Energetics 

Let me now consider the energetics of a smectic double-twist tube. In non-layered 
chiral liquid crystals, double-twist structures are favored over standard planar cholesteric 
structures due to a trade-off between the saddle splay term [7] 

F ss = J d 3 xiWV-[(n-V)n-n(V-n)], (3.1) 
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and the twist term 

F tw = J AK 2 [n-(Vxn)- 9o ] 2 . (3.2) 

In cylindrical coordinates, the double-twist texture n = zcos(q p/2) + <f>sm(q p/2). This 
director configuration has non-zero saddle splay. This would be irrelevant if there were no 
director defects in the blue phase: F ss is the integral of a total derivative. Thus saddle 
splay is gained at the surfaces of the cores of nematic defects. Since the value of the saddle 
splay 2 [d x n y d y n x — d x n x d y n y ] = —qo sin(qoR) / (2R) is non-zero it can lower the energy 
compared to the planar texture if K 2 4 > 0. However, there is an energy cost which comes 
from the fact that n-(V x n) = q /2 + sm(q R) / (2R) and thus the twist term only vanishes 
near the center of the double-twist tube, whereas it vanishes everywhere in the planar 
cholesteric texture. Note that in one double-twist tube that rotates from to 7r/4, the 
saddle-splay per unit length is F ss /L = — 7rgo(\/2 — \)j\[2. 

The same comparison can be made for layered chiral systems. First the energy of the 
grain boundaries in the double-twist structure must be compared to the same energy in 
the standard TGB phase. Neglecting interactions between screw dislocations, the energies 
should be comparable. A detailed calculation of the interaction energy would be interesting 
but, because of the complex three-dimensional geometry of the dislocations, difficult (it 
should be noted that this calculation has not yet been done even for the standard TGB 
state). In some sense this problem is identical to the problem of deciding between the 
standard cholesteric phase and the blue phase. The standard TGB phase has a cholesteric- 
like organization of the screw dislocations while the phase proposed here has a blue phase 
organization of the screw dislocations. The deciding factor between a cholesteric and a blue 
phase is the presence of an energetic term which favors or disfavors saddle-splay. Thus, 
it is natural to ask whether topological effects play any additional role in the smectic 
double-twist texture. In the layered system the nematic disclinations stay the same but 
now there are a plethora of screw dislocations. At each screw dislocation the layers can 
pick up surface energies as well. In fact, these surface energies are completely analogous to 
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the saddle splay: the Gaussian curvature will contribute to the energy at the edges which 
separate the successive, annular smectic regions. For a surface given by a height function 
h(x,y), the integrated Gaussian curvature K is: 

f , r dlhdlh- (d x d y h) 2 , 

where y/gdxdy is the area element of the surface. If the helicoidal surface of each smectic 
layer in region i is given by the multi-valued height function hi(x, y) = ai tan _1 (y/a;), then 
for the region between pi and pi + i 

J ^g~d 2 xK t = -2irNi [cos o ,i+i - cos (0 o ,i + A^)] , (3.4) 

where iVj is the number of helical turns of the ith annular region. If I consider a segment of 
the double-twist tube of length L, then A^a(p i+ i) = Lcos6> ,;+i and so the total Gaussian 
curvature per unit length is 



^bauss = _ 2?r y cos e ,^ f _ a ( Pi ) 1 
L ^ a(p i+ i) 1 a 2 (p, +1 )j 

Thus the total Gaussian curvature is always negative (which is no surprise: all helicoidal 
surfaces have negative Gaussian curvature). The smectic free energy will increase or de- 
crease depending on whether the material in question favors or disfavors positive Gaussian 
curvature, respectively. Obviously the energetics will depend on the particular choice of 
angles A6>; and radii pi. Note that this extra geometric energy of the double- twisted 
smectic is analogous to the saddle-splay energy of standard blue phases. The energy gain 
from the surface Gaussian curvature must offset the energy cost of the extra distortions 
of the smectic layers and the cholesteric order for double-twist to be favored. If the net 
energy change is negative the smectic will prefer to have double-twist regions instead of 
the standard TGB state. 



4. Space Filling Structures: Blue Phases 

The ability to connect the double-twist tubes into one of the standard blue phases 
depends on whether the smectic order is short- or long-ranged. In the first case, since the 
iV£ phase is identical to a cholesteric, there is no equilibrium impediment to constructing 
the usual blue phase textures. Since there is only short range smectic order the integrity of 
the smectic layers need not be globally preserved and there can be any number of edges and 
screws filling the space between the traditional double-twist tubes. Of course, same-sign 
defects repel each other and so there may be dynamical reasons that a complete blue phase 
could not form. It is likely that in the work of [1], that this melted defect lattice is what 
is seen. If a material has a strong tendency to have smectic order then it is reasonable to 
believe that short-range smectic order appears even in the normal blue phases. 

The case of true, long-range smectic order is problematic. Here we will only consider 
the O 5 blue phase structure though this work could be extended to the other known 
arrangements of double-twist tubes [7]. The O 5 blue phase has the simple "log-cabin" 
arrangement of double-twist tubes as shown in Figure 4. If I arrange for a layer on cylinder 
A to meet a layer on cylinder B at the intersection point V then, since the layer normal 
is at 7r/4 with respect to the cylinder axis, that same layer will shift by (2iv)p/4 towards 
A. Since A is 2p further along axis A from T, it would be impossible for the meeting 
layer at V to meet the layer at A. In Figure 5 I have unwrapped a double- twist tube at 
the radius p. One can see that if the layer spacing is a = a(p) then for each integer j 
there is a layer at ja(p)\/2 + np/2 along the (dashed) line on which A lies. Thus a layer 
in cylinder A can meet a layer in cylinder C at A if ja(p)\/2 = (2 — n/2)p. At the last 
grain boundary, however, na(pN) = sin(6>o,Ar + A9n)2k~Pn- Using (2.1) and (2.2) I find 
j/n = (4 — 7r)/(47r) 1.4165. Since j/n is rational, however, the kissing conditions can 
never be satisfied. However, it would still be possible, though energetically unfavorable, 
to change the layer spacing from its preferred value near the cylinder surface. In this 
case some ratio of integers could be found that makes the layer spacing mismatch small. 
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Even if this deformation occurred the region between the double-twist tubes would have a 
complicated complexion of screw and edge dislocations in order to match up all the smectic 
layers. 

With some experimental input, it may be possible to show that the constraints pre- 
sented in this letter could almost be satisfied for an observed blue phase with smectic order. 
It is most likely that if a blue phase texture with smectic order persists it would only have 
short-range smectic order. The absence of long-range smectic order would facilitate a 
number of the obstacles to the construction of the double-twist tubes. For instance, the 
regions between the double- twist tubes could melt and thus alleviate the rational/irrational 
mismatch. However, the special lock-in angles would still correspond to low energy grain 
boundaries since at these angles the smectic order is not frustrated by the double-twist 
texture of the layer normal. I would thus expect that the lock-in angles would be present 
in any blue phase with long- or short-ranged smectic order. 
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Figure Captions 



Fig. 1. Double-twisted smectic structure. The dark lines are the screw dislocations. Note 
that the layer normal and the screw dislocation tangent vectors have a double- 
twist texture. While the rotation angles, defect density and layer spacing are 
related, this figure does not take that into account - it only serves as a simple 
model. 

Fig. 2. A cut-away view of the double- twisted structure of Figure 1 through the center 
of the tube. 

Fig. 3. Geometrical construction used to derive (2.1) and (2.2). Coming out radially from 
the center the spacing of the layers along the tube direction must be a constant 
5 in one smectic slab. Thus R tan 9(R) = S and 5 cos 9{R) = a(R) from which 
follow (2.1) and (2.2), respectively. 

Fig. 4. The O 5 blue phase structure. The double-twist cylinders are of radius p and each 
side of the cube shown has length Ap. The three cylinders that are cut by the 
visible faces are labeled A, B and C, while two of the kissing points are labeled 
T and A. 

Fig. 5. An unwrapped double-twist cylinder. The plane corresponds to the inside surface 
of the cylinder A in Figure 4. The dashed line is that line parallel to the double- 
twist axis that is at an angle tc/2 from the similar line in which V lies. At V the 
cylinder kisses cylinder B, while at A it kisses cylinder C. 
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